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Main question

∂tu −∆u = f (u) t > 0, x ∈ RN

u(0, x) = u0(x) x ∈ RN

Question

Does u “become locally planar” as t → +∞ ?

Conjecture (De Giorgi ’79)

Let f be Allen-Cahn: f (u) = u(1− u)(1/2 − u).
Let 0 < u(x) < 1 be a solution satisfying ∂1u > 0.
Then u is 1-D, i.e. u(x) = Ψ(x · e) for some e, at least if N ≤ 8

Disclaimer

In Allen-Cahn the steady states 0 and 1 play a symmetric role.
In our case 1 is more attractive than 0
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f (u) of one of the following types:

monostable combustion bistable
� 1
0 f (s) ds > 0

Hypothesis ( on u0 )

u0(x) = 1U(x) =

{
1 if x ∈ U

0 otherwise

where U is a subset of RN

If U contains a sufficiently large ball =⇒ invasion holds:
u(t, ·) → 1 locally uniformly as t → +∞

Luca Rossi Are solutions asymptotically 1D ? 11 mai 2021 3 / 9



f (u) of one of the following types:

monostable combustion bistable
� 1
0 f (s) ds > 0

Hypothesis ( on u0 )

u0(x) = 1U(x) =

{
1 if x ∈ U

0 otherwise

where U is a subset of RN

If U contains a sufficiently large ball =⇒ invasion holds:
u(t, ·) → 1 locally uniformly as t → +∞

Luca Rossi Are solutions asymptotically 1D ? 11 mai 2021 3 / 9



f (u) of one of the following types:

monostable combustion bistable
� 1
0 f (s) ds > 0

Hypothesis ( on u0 )

u0(x) = 1U(x) =

{
1 if x ∈ U

0 otherwise

where U is a subset of RN

If U contains a sufficiently large ball =⇒ invasion holds:
u(t, ·) → 1 locally uniformly as t → +∞

Luca Rossi Are solutions asymptotically 1D ? 11 mai 2021 3 / 9



What does “ becoming locally planar ” mean ?

∂tu −∆u = f (u) t > 0, x ∈ RN

u(0, x) = 1U(x) x ∈ RN

U is a generic subset of RN .

A global / local notion:

Definition

The Ω-limit set of a solution u is

Ω(u) :=
{
ψ ∈ L∞(RN) : u(tn, xn + ·) → ψ in L∞loc(RN) as n → +∞,

for some sequences tn → +∞ and (xn)n∈N in RN
}

u is asymptotically locally planar if Ω(u) contains only 1D functions, i.e.

ψ(x) = Ψ(x · e) for some e ∈ RN
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Known cases where u is asymptotically locally planar

i.e. Ω(u) contains only 1D functions.

✓ : U is bounded and sufficiently large (to have invasion)
Jones ’83

✓ : U is the subgraph of a bounded function
Bramson ’83, Berestycki-Hamel ’07, Roquejoffre-Roussier ’09

Ö : U is V-shaped

✓ ✓ Ö

Conjecture

If U is at finite Hausdorff distance from a convex set then the solution u
is asymptotically locally planar

Hausdorff distance: dH(U,V ) := sup
x∈U

dist(x ,V ) ∨ sup
y∈V

dist(y ,U)
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Why convexity matters ?

Ö ?

u → V-shaped front u → A-shaped front ?

Spreading set result:
{
u(t, ·) > λ

}
∼ U + Bc∗t ∀λ ∈ (0, 1)

Not a proof !! because “∼” means “up to o(t)”
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Hypothesis ( on f )

f is strongly-KPP: f (0) = f (1) = 0 and f (u)/u is nonincreasing

Theorem (Hamel-R. – preprint)

Assume that f is strongly-KPP. If U is at finite Hausdorff distance from a
convex set and is uniformly smooth, then Ω(u) consists exclusively of 1D
functions which are in addition monotone (in large sense)

Corollary

If U is convex and uniformly smooth then

E :=
{
e ∈ SN−1 : ∃Ψ(x · e) ∈ Ω(u) with Ψ′ < 0

}

coincides with the closure of the set of outward normals to U

Main tool of the proof

Extension of Jones’ argument to initial data not compactly supported
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Corollary

Under the assumptions of the Theorem, all-but-at-most-1 the eigenvalues
of D2u(t, x) tend to 0 as t → +∞ uniformly in x ∈ RN =⇒

P+
N−1u(t, x)× P−

N−1u(t, x) → 0 as t → +∞ uniformly in x ∈ RN

Open questions

Is the conjecture true beyond the Fisher-KPP case ?

Under the assumptions of the theorem, does Ω(u) consists exclusively
of constant functions and (translations of) the critical front ?
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Grazie per la vostra attenzione !!
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